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Abstract
In this qualitative research, we investigate students’ use of diagrams in developing an understanding of abstract algebra concepts related to mathematical groups and subgroups. Our use of diagrams includes sketches, pictures, illustrations, and gestures. We explored how diagrams may assist students with their proof writing abilities and understanding of these abstract algebra concepts. Through a social constructivist lens, we collected data in the form of classroom observations, student work and 1-hour task-based interviews of seven students. We focused on (a) what prompts students to create or use a diagram, (b) the diagram itself, and (c) how the diagram benefits or hinders the students’ understanding. Through open coding, we confirmed Gibson’s (1998) four themes and identified new themes. Students used a diagram as an advanced organizer, referenced a diagram to obtain an answer or the next step in a proof, abandoned their diagram, drew incorrect diagrams, and believed a proposition based on the diagram. 
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Student’s Use of Diagrams in Understanding and Explaining

Groups and Subgroups in Abstract Algebra

Students’ struggles with creating and validating proofs in mathematics are an abundant area of research in teaching and learning mathematics at the secondary level (Harel & Sowder, 2007; Selden & Selden, 2003; Weber, 2001). At a mid-sized public university in the mountain region, many students majoring in mathematics first experience proof writing in an abstract algebra course. In this research, we investigate the everyday lived experiences of students enrolled in the first semester of this two-semester abstract algebra course sequence. Through our research, we hope to extend the knowledge base of students’ proof development.  We are particularly interested in how diagrams may assist students with their proof writing abilities and understanding of mathematical ideas. We use the word diagram to refer to sketches, pictures, illustrations, and sometimes even accompanying gestures (Battista, 2007). Our research question is:

What is the nature of students’ use of diagrams in understanding and constructing proofs related to groups and subgroups in abstract algebra?

Gibson (1998) found students used diagrams in an introductory analysis course in four different ways. They implemented diagrams to understand information (comprehending how concepts work), to determine truthfulness of a statement (drawing a picture to confirm or refute a statement), to discover new ideas (getting unstuck), and to write out ideas (reducing the cognitive load). These four categories fall into two larger categories of difficulties students have with proof: techniques (Schoenfeld, 1985) and cognitive load (Moore, 1994). Modeling proof writing with the aid of diagrams and recognizing students’ proof techniques may facilitate helping students develop their proof writing skills and understand mathematical concepts.

Although there is a vast amount of literature related to visualization in the calculus setting (Hallett, 1991; Tall, 1991; Zimmerman, 1991), there is little research that investigates the use of diagrams in upper-division mathematics courses. There is research about visualization and pictorial representations in areas of mathematics such as geometry (Hanna, 2000; Lovett & Anderson, 1994; Hanna, 2000) and analysis (Brown, 1997; Gibson, 1998), but again, it is limited at the upper-division level. Abstract algebra has been the focus of a number of studies related to the teaching and learning of upper-division mathematics courses (Hart, 1994; Leron & Dubinsky, 1995;Weber, 2001) but none of these studies make reference to students’ use of diagrams. The goal of this research is to investigate the intersection of abstract algebra and diagrams. 

Methodology

Researcher Stance
As a mathematician, I, the first named author, have completed five semesters of varying levels of abstract algebra ranging from first semester undergraduate level to comprehensive Ph.D. level courses. I do not recall using diagrams in learning undergraduate abstract algebra mathematics. However, in my Ph.D. level abstract algebra class, drawing pictures became essential in understanding and communicating with the professor and other graduate students.

During homework study sessions, the other graduate students and I drew a large circle and labeled it G (for group) and then drew a smaller circle inside labeling it H. The smaller circle represented a subset of elements from G, which possibly formed a subgroup. We drew and redrew this sketch to have a place to point when talking about elements. We asked one another, “Where are the elements located? Are they in the little circle? Are they in the big circle but not the little circle?” This drawing helped us to explain ideas to one another and served as a communication tool to determine characteristics of the elements.

In reading Gibson (1998), I immediately identified with the category of understanding information and wondered how else my fellow classmates and I used drawings in our abstract algebra study sessions. Gibson’s categories of determining truthfulness and discovering ideas also resonated in our collaborations of outlining proofs. We often drew pictures to convince one another of our stance or, when no one had a stance, we started the conversation by asking each other, “What do we know about this problem?” which often prompted a drawing. This personal experience and interest in using diagrams in learning abstract algebra led this research study to also be a heuristic inquiry (Patton, 2002).

Theoretical Framework

We investigated students’ experiences with understanding mathematical concepts with the use of diagrams in this basic qualitative study (Merriam, 1998) with a phenomenological lens (Patton, 2002). We wanted to make meaning of how students use diagrams to understand mathematical groups and subgroups. The constructionist and social constructivist views of the instructor, the second named author, heavily influenced the activities during class sessions (Crotty, 1998; Driscroll, 2000). The instructor often asked students to work in groups on proofs and then present their proofs to the class. The discovery learning and presentations made the students more comfortable in the interviews and their communication of the mathematical tasks in the interviews. The social constructivist theoretical perspective informed the interview protocol as discussed later.

Knowing when and how students use diagrams in abstract algebra can increase an instructor’s anticipatory knowledge (Ball & Bass, 2000) and inform pedagogical decisions in the classroom. As an instructor of mathematics I am interested in ways I can help students understand mathematical concepts.

Participants

We selected 7 participants from 26 students enrolled in the first semester of an undergraduate abstract algebra sequence during Fall 2007 at a mid-sized public university in the mountain region. Of these 26 students, 20 are pre-service secondary mathematics majors, 5 are mathematics majors with a statistics or liberal arts emphasis, and 1 is a sport exercise science major with a mathematics minor (intending to teach both physical education and mathematics at the secondary level). There are 7 men and 19 women in the class.  We chose seven of these students using purposeful sampling (Merriam, 1998) by soliciting students to participate who we observed using diagrams in class discussions, student presentations, in-class group work, homework, or exams. Six of the students were pre-service secondary mathematics majors and one student majored in sport exercise science. We chose three men and four women to interview. Two of the men and two of the women were high achieving while the other three students struggled in the class. We did this to get a stratified purposive sample of the class (Merriam, 1998). 

Setting

During class sessions, each student sat at one of six tables with four or five other students. We video recorded each class session with cameras mounted on the walls of the classroom. The students were aware of the video recording, but there was no intrusion of a portable camera or microphone. The second named author was the instructor of record for the class, and I, the first named author, served as a teaching assistant for the class, attending all class sessions. During direct instruction or student presentations, I sat among the students and took notes on a laptop. During group work, I walked around the room, asking and answering questions, as did the instructor. Most students probably viewed me more as a TA than a researcher/observer. Personally, I believe my participation was in between the roles of observer-participant and participant-observer (Merriam, 1998). The students knew I was researching the teaching and learning of abstract algebra but did not know it was specific to diagrams. I looked for the natural use of diagrams and therefore was not explicit about the focus of my research. In class, there is also an undergraduate mathematics major in the role of observer (Merriam, 1998). He is specifically observing socio-norms in the mathematics classroom, but he does offer observation notes of instances of students using diagrams. His observations also informed our choice of participants. 

Scores from individual and group assignments and exams as well as student presentations comprised students’ grades. Each group of four students worked on assigned problems to present to the rest of the class with one student as the scribe while another student had the role of keeping the group on task. Of the remaining two students, the instructor randomly selected one to present the group’s work for their assigned problems. These roles rotated with each new set of problems. We specifically describe this assessment because it is one where we found explicit student use of diagrams. The instructor did draw pictures in her explanations but did not require, nor explicitly encourage, students to draw diagrams. When students drew diagrams (especially for their presentations), the instructor asked the students to explain their diagram and its use if they did not do so in their presentation.

Data Collection

Given the research goal of determining how students use diagrams, data consisted of observations of the students in the natural class setting in the form of field notes and video-recordings of the abstract algebra class sessions (Patton, 2002). The main sources of data for this research were the audio- and video-recorded interviews with individual students and student work from in-class activities, assignments, exams and the interviews (Patton).

We used the video-recordings and field notes of class sessions to document students’ use of diagrams and inform our choice of participants. We took note of any instances where students made use of diagrams in creating a proof and explaining or illustrating concepts.

Audio- and video-recorded interviews allowed us to focus on a particular task for individuals, while student work substantiated our findings and enhanced triangulation. During these one-hour task-based interviews (Patton, 2002), I asked students to prove or disprove (1) the intersection of two subgroups is a subgroup, (2) the union of two subgroups is a subgroup, and (3) the subset of differentiable functions such that df/dx = c is a subgroup of real-valued functions. These selected tasks gave us an opportunity to find out if students used diagrams to understand, illustrate, or explain concepts. The social constructivist perspective is evident in the task-based interviews as I played the role of a more knowledgeable peer trying to work within the student’s zone of proximal development to help her get through the proof (Driscoll, 2000).
Analysis

Two of the interviews were audio-recorded and transcribed for coding. The other five interviews were video-recorded and coded directly from the videos. We used a constant-comparative approach including open and axial coding of the data (Strauss & Corbin, 1997). We identified emergent themes through our coding and related the results to an existing theory by Gibson (1998) and existing literature (John, Fish, Howse & Taylor, 2006). We specifically investigated when and how students used diagrams in trying to understand, illustrate, and explain the concepts of group and subgroup from abstract algebra. The following model drove the coding process.
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Figure 2. Analysis Model

Trustworthiness

We used the criteria by Lincoln and Guba (1985) to discuss reliability and validity. They offer criteria in the form of the following four categories: credibility (analogous to internal validity), transferability (analogous to external validity or generalizability), dependability (analogous to reliability), and confirmability (analogous to objectivity). 

We addressed credibility (Lincoln & Guba, 1985) by keeping field notes and conducting member checks with the participants. We asked participants questions during the interview in the form of “I am hearing [topic]. Is that what you are saying?” We provided a rich, thick description of the setting to enhance transferability (Lincoln & Guba) and also used multiple forms of data collection. We also coded together, creating a built-in peer check. Since this was a pilot study, there were only seven students interviewed, thus making dependability a limitation of our study. To add to the study’s dependability, we observed all class sessions for student use of diagrams. We specifically looked for and identified negative cases (including students that do not use diagrams and instances when diagrams possibly produce negative outcomes) to establish confirmability (Lincoln & Guba). This discussion of trustworthiness, while brief, we hope adds confidence to our findings.

Findings

Discussion
"Can I draw pictures?" –Tina

When asked to explain her work in an interview one student immediately asked if she could draw pictures. It was interesting that she asked if that was okay and that that was her initial preference. Tina shed a little light later in the interview about asking if pictures were okay when Tina explained her purpose of using pictures in writing proofs in abstract algebra:
It's never something I would include in a formal proof or anything like that. It's something so it makes sense for me so I can internalize the information. That way when I go to write it up, I can think of the picture and when I write it in words, it makes it easier for me to say it.
Nathan also commented that pictures were not proofs, “or so I’ve been told.” Nathan did use pictures for explaining but always in addition to the symbolically written up proof.

Through our open coding we verified all four of Gibson’s (1998) categories of (1) understanding information, (2) determining truthfulness of a statement, (3) discovering new ideas, and (4) writing out ideas (reducing the cognitive load). We found (1) and (4) much more often than the other two. This could be because students had seen both of these proofs previously. Students did the intersection proof as a group activity, and they had seen the union proof on an exam. It had been over a month since the students had seen these proofs in class, and some students did not even recognize one or both of them. Other students commented that they had seen them before but could not really remember how they worked. Only one of the seven students immediately produced the two proofs with very little prompting. Since the students had previously seen these proofs, there may not have been a need for determining truthfulness or discovering new ideas. Unfamiliar, new prompts may aid in exploring further students’ use of diagrams in these two areas.
We found that when students appeared to be using a diagram for understanding it was for figuring out a problem for one’s self. Since we only interviewed one student at a time, we could not witness the understanding between multiple students while using a diagram. However, since the role of the researcher included helping the student learn mathematics, there was a heuristic piece to the interview in that we helped students gain understanding through their self-initiated diagrams. Sometimes, we also had to use their diagrams to understand what it was they were mathematically conveying to us, so there was a small element of social constructivism.

We also found that when students wrote out ideas and illustrated with diagrams it was for explaining to others (peers and instructors). There was quite a bit of overlap between understanding and explaining as well. We often coded the same unit as both understanding and explaining. This could be due to the nature of learning through teaching. One student even said, “I draw this, and it's not necessarily correct, but this is how I see things.” During the interview with this student, there were multiple times her verbal explanation was correct but did not match her self-generated diagram.

In an effort to search for falsifiability (Lincoln & Guba, 1985), we also coded instances of students incorrectly transferring a problem to a picture (Fish & Stapleton, 2006), abandoning pictures during writing a proof, and verbal explanations not matching the picture. Most of the students interviewed struggled at least a little with the difference between intersection and union and resorted to drawing pictures (Venn diagrams) which they said they sort of remembered from their discrete math class. There was a disconnect between the mathematical definitions of union and intersection and the associated drawings. This disconnect supports Calvillo, DeLeeuw, and Revlin’s (2006) findings which asserted that a group of students given diagrams (Venn) and instructions on how to use them did worse in deductive reasoning than did the group of students not given the diagrams.

Through the coding process, additional themes emerged including (5) students using diagrams as an advanced organizer, (6) students abandoning a diagram, (7) students drawing diagrams incorrectly, (8) students referencing a diagram to obtain an answer or the next step in a proof, and (9) students believing a proposition based on a diagram. We also included gesturing both to reinforce a diagram as well as pointing to identify where elements live. Chen & Herbst (2007) claim that when a diagram is not enough, students complement it with a gesture. We found this to be true in two different ways. When students spoke about characteristics of subgroups within a group, they often formed circles with their hands, a small one for the subgroup and then a larger one for the group. This gesture, in a sense, turned their diagram into a 3-D visualization in the same way Chen and Herbst describe.

The other common gesture students performed was pointing within subsets and outside subsets still in the larger group. They would write elements in the subsets and say they needed to determine if the inverse also lived in here (sometimes encircling the subset above the picture with their pencil). They also used it as a reference to talk about where elements must live or could live pointing to different regions in the group.

When explicitly asked the purpose of their diagrams, one student said, "[I use it for] trying to understand what I'm looking for.” Another student mentioned, “…[I] use pictures to internalize a problem and make it make sense to me.” Most students said they used pictures for their own understanding, not for explaining. Yet when asked to explain an idea or their work, they often first chose to draw a picture to use during their explanation.
Conclusions
One student told a story about a past instructor, Neil and how Neil’s first rule was always: Draw a picture. She said this taught her to have a place to start when she did not know anywhere else to start. It gave her a way to organize given information and make decisions about where to go with that information. This has implications for those teaching abstract algebra that even the simple diagram described at the beginning of this paper can convey so much to a student and can be used in so many different ways. Instructors can build anticipatory knowledge (Ball & Bass, 2000) by becoming familiar with all the different ways in which students use diagrams.

Limitations & Further Research
One limitation of this research is the few number of prompts given to the students and the fact they were all somewhat familiar prompts to the students. Future research could involve interviewing more students with more prompts about proving groups and subgroups. An extension of this research could be to go beyond groups and subgroups to novel proofs such as: given a group with an even number of elements, prove or disprove at least one element other than the identity must be its own inverse. Isomorphisms are another area some students visualize the meanings behind one-to-one, onto (Gibson, 1998), and homomorphisms.

To further the social constructivist view of this topic, focus group task-based interviews could allow a glimpse at the use of diagrams in understanding when more than one person is involved. 
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Negative Outcome





Positive Outcome 





What did the student draw?





What caused the student to draw the diagram?











